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G–SYSTEMS AND DEFORMATION OF G–ACTIONS ON Rd
BENOIT DHERIN AND IGOR MENCATTINI
Abstract. Given a (smooth) action ϕ of a Lie group G on Rd we construct a DGA
whose Maurer–Cartan elements are in one–to–one correspondence with some class of
defomations of the (induced) G–action on C∞(Rd)[[~]]. In the final part of this note
we discuss the cohomological obstructions to the existence and to the uniqueness (in
a sense to be clarified) of such deformations.
1. Introduction
In this note we introduce an algebra of formal differential operators which will be
obtained from a a class of Fourier Integral Operators (FIO from now on) in the limit
~→ 0. Given a (smooth) G–action on Rd we will use these formal operators to define a
family of deformations (in a sense will be explained below) of the induced G–action on the
space C∞(Rd)[[~]]. These families of deformations are controlled by the Maurer–Cartan
elements of a Differential Graded Algebra (DGA since now on) of formal amplitudes.
Such a DGA will be the main ingredient for the analysis of the cohomological obstruction
to the existence and to the uniqueness (rigidity) of such deformations. These families of
deformations and the corresponding DGA play an important role in the theory of the
quantum momentum maps as it is explained in the paper [2].
2. A class of FIOs, their asymptotic expansions and the formal
operators
Let S (Rd) be the space of Schwartz functions on Rd, see for example [9]. In this
paper we will be concerned with the following class of FIO:
(2.1) Op(a, ϕ)ψ(x) =
ˆ
Rd
ψ̂(ξ)a(x, ξ)e
i
~
〈ξ,ϕ−1(x)〉 dξ
(2π~)
d
2
where φ ∈ S (Rd), ψ̂ is its semiclassical Fourier transform, see [6] or [10], a(x, ξ) ∈ S0
and ϕ ∈ Diff b(R
d), see Remark 1 below.
Remark 1. S0 is the space of C∞–functions (defined on Rd) whose elements depend on
a parameter ~ ∈ (0, ~0] and which satisfy the following differential inequality
|∂βx∂
α
ξ a(x, ξ)| ≤ Aα,β(1 + |ξ|)
−|α|
1
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for all multi–indices α, β ∈ Nd, see for example [8]. In what follows the ~–depedence will
be not, in general, explicitely written. Finally, ϕ ∈ Diff b(R
d) is the group of bounded
diffeomorphisms of Rd, i.e. the subgroup of Diff(Rd) whose elements ϕ are such that
supx∈Rd |∂
β
xϕ(x)| <∞ for all multi-indices β ∈ Nd\(0, . . . , 0).
Remark 2. Even if in this letter we will mainly interested in the formal properties of
the operators defined in formula (2.1), we remind that they are a class of continuous
operators on S (Rd), which is closed with respect to composition: this means that given
Op(a, ϕ),Op(b, ϕ2) as above, their composition Op(a, ϕ) ◦Op(b, ϕ2) can be represented
as Op(c, ϕ) for suitable c ∈ S0, and Diff b(R
d).
In the following Example we introduce a simple, though interesting, family of such
operators.
Example 3 (ξ–independent symbols). In what follows, with some abuse of notation we
will write the FIO of formula (2.1) as
Op(a, ϕ)ψ(x) =
ˆ
Rd×Rd
ψ(x)a(x, ξ)e
i
~
〈ξ,ϕ−1(x)−x〉 dx dξ
(2π~)d
If a = a(x) then
Op(a, ϕ)ψ(x) =
ˆ
Rd×Rd
ψ(x)a(x, ξ)e
i
~
〈ξ,ϕ−1(x)−x〉 dxdξ
(2π~)d
= a(x)ψ(ϕ−1(x))
Computing Op(a, ϕ1) ◦Op(b, ϕ2)ψ(x) we arrive to the following formula
Op(a, ϕ1) ◦Op(b, ϕ2) = Op
(
a(x)b(ϕ−1(x)), ϕ1 ◦ ϕ2)
We now work out the asymptotic expansion of the bounded operators (2.1) in the
limit ~→ 0. First, we fix the dependence in ~ for the amplitude a as follows:
(2.2) a(x, ξ) = a0(x, ξ) + a1(x, ξ)~ + a2(x, ξ)~2 + · · · ,
where the an ∈ S0 do not depend on ~ for all n. Namely, the Borel summation lemma
(see [6, Prop. 2.3.2, p. 14] for instance) guarantees then that there exists an amplitude
in S0 depending on ~ whose asymptotic expansion in ~ yields back (2.2).
Now, changing the variable ξ˜ = ξ/~ and letting ~→ 0 (which allows us to compute a
Taylor series of the amplitude at (x, 0)), we obtain that:
Op(a(x, ξ), ϕ)ψ(x) =
ˆ
ψ(x)a(x, ~ξ˜)ei〈ξ˜,ϕ
−1(x)−x〉 dxdξ˜
(2π)d
,
=
∑
n≥0
~
nOp1(P
n, ϕ)ψ(x).
where Op1 is the same integral operator as Op except with the parameter ~ in the phase
set to 1, and where
Pn(x, ξ) =
∑
|α|≤n
fα(x)ξ
α,
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are polynomial in ξ of order n with coefficients in Sd(1), the space of C
∞–functions on Rd,
which are bounded with all their derivative bounded. (actually, fα(x) =
1
|α|!∂
α
ξ an−|α|(x, 0)).
Since, for a polynomial Pn(x, ξ) in ξ as above, the corresponding operator
Op1(P
n, ϕ)ψ(x) =
∑
|α|≤n
fα(x)(D
α
xψ)(ϕ
−1(x)) = (Pn (x,D)ψ) (ϕ−1(x))
is a differential operator of order n (composed with the pullback), we obtain for Op(a, ϕ)
an asymptotic expansion in terms of infinite order differential operators of the form:
(2.3) Op(a, ϕ)ψ(x) = P 0(x)ψ(ϕ−1(x)) +
∑
n≥1
~
n (Pn (x,D)ψ) (ϕ−1(x)).
Remark 4. This derivation for the asymptotic (2.3) is a shortcut for the usual stationary
phase expansion. One recovers (2.3) by using the usual stationary phase expansion (see
[10]) for quadratic phase using the following change of variable y¯ = ϕ−1(x)− x¯.
In the following definition, we retain only the formal aspects of the asymptotics,
forgetting that the operators (2.1) are actually bounded operators (i.e. the amplitudes
are in S0 and the action is in Diff b(R
d)).
Definition 5. We define the algebra D of formal operators of the form
(2.4)
Op1(P,ϕ)ψ(x) = P
0(x)ψ(ϕ−1(x)) +
∑
n≥1
~
n (Pn (x,D)ψ) (ϕ−1(x)), ϕ ∈ Diff(Rd)
which acts on the formal space of functions C∞(Rd)[[~]], and where
Pn(x,D) =
∑
|α|≤n
fα(x)D
α,
is a differential operator of order n with coefficients fα ∈ C
∞(Rd). The corresponding
space of symbols P is the space of formal functions of the form
P (x, ξ) = P 0(x) +
∑
n≥1
~
n
∑
|α|≤n
fα(x)ξ
α,
with P 0(x), fα ∈ C
∞(Rd).
Remark 6. By a direct computation of Op1(P,ϕ1) ◦ Op1(K,ϕ2) applied to a (formal)
series ψ ∈ C∞(Rd)[[~]], we can get a close formula for the (formal) symbol representing
such an operator. We will not write the explicit expression for such a formal symbol, but
we will denote it as P ϕ1 ⋆ϕ2 K (to remind its dependence on the two diffeomorphisms
ϕ1, ϕ2). In this way, the composition law in D will be written as:
(2.5) Op1(P,ϕ1) ◦Op1(K,ϕ2) = Op1(P ϕ1 ⋆ϕ2 K,ϕ1 ◦ ϕ2).
Remark 7. Note that formula (2.5) is the binary operation of a semigroup structure on
P ×Diff(Rd).
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3. DGAs of (formal) G-amplitudes
Given G as above we fix ϕ : G× Rd → Rd to be a smooth (left) action. Using ϕ we
define a Differential Graded Algebra (or DGA for short), whose (homogeneous) elements
of degree k are, roughly speaking, formal amplitudes depending on k group variables,
and whose (graded) product corresponds to the composition of the formal operators of
the type (2.4). More precisely
Definition 8. The complex of formal G–amplitudes (P•ϕ, d) is the space of k-cochains
Pϕ
k = {a : G× · · · ×G→ P}, P0ϕ = P
endowed with the differential d : Pkϕ → P
k+1
ϕ defined by:
(3.1) (da)(g1, . . . , gk) =
k∑
i=1
(−1)ia(g1, . . . , gigi+1, . . . , gk+1),
which we extend by C-linearity to Pϕ
• = ⊕k≥0Pϕ
k. The complex is normalized by the
condition ae,...,e = 1 with e ∈ G being the group unit.
For all k, l we define
⋆ : Pkϕ × P
l
ϕ → P
k+l
ϕ
and we then extend it by C–linearity to P•ϕ. We remind now that:
Definition 9. If (A, ⋆, d) is a DGA then:
(1) The solutions of the Maurer-Cartan equation da + a ⋆ a = 0 are called
Maurer–Cartan elements. The set of all Maurer–Cartan elements of A, which
is a subset of A1, will be denoted by MC(A).
(2) Two Maurer–Cartan elements a, b ∈ MC(A) are called gauge equivalent if
there exists an invertible u ∈ A0 such that au− ua = du.
Theorem 10. Given (P•ϕ, d, ⋆) as above, then:
(1) (P•ϕ, d, ⋆) is a DGA.
(2) The Maurer–Cartan elements in P•ϕ are in one–to–one correspondence with the
representations of G of the form g  Op(a, ϕg). Moreover, gauge equivalent
Maurer–Cartan elements yields equivalent representations.
Proof. Let a ∈ Pkϕ, b ∈ P
l
ϕ. and let ag1,...,gk⋆ agk+1,...,gk+l be a short hand notation to
denote the product of amplitudes introduced in formula (2.5), i.e.
ag1,...,gk⋆ bgk+1,...,gk+l =
(
a(g1, . . . , gk)
)
ϕg1...gk
⋆ϕgk+1...gk+l
(
b(gk+1, . . . , gk+l)
)
Then part (1) will follows once we will prove that (a) d squares to zero, (b) ⋆ is associative
and finally that (c) d is a derivation of ⋆. The part (a) is a standard computation, while
part (b) follows from the associativity of the composition of formal FIOs corresponding
to the symbols ag1,...,gk for all k ≥ 0, i.e. i.e.
(3.2)
Op(ag1,...,gk , ϕg1...gk) ◦Op(bgk+1,...,gk+l, ϕgk+1...gk+l) = Op(ag1,...,gk⋆ bgk+1,...,gk+l, ϕg1...gk+l)
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For part (c) we compute:
δ(a ⋆ b)g1,...,gk+l+1 =
k+l∑
i=1
(−1)i(a ⋆ b)g1,...,gigi+1,...,gk+l+1,
=
(
k∑
i=1
(−i)iag1,...,gigi+1,...gk
)
ϕg1...gk
⋆ϕgk+1...gk+l bgk+1,...,gk+l+1
+(−1)k ag1,...,gk ϕg1...gk ⋆ϕgk+1...gk+l
(
l∑
i=1
(−1)ibgk,...,gk+i−1gk+i,...,gk+l+1
)
= ((δa) ⋆ b)g1,...,gk+l+1 + (−1)
k(a ⋆ (δb))g1,...,gk+l+1
Let us now prove (2) of the Theorem. Let a ∈ P1ϕ. Then g  Op(ag, ϕg) is a representa-
tion if and only ifOp(ag1g2 , ϕg1g2) = Op(ag1 , ϕg1)◦Op(ag2 , ϕg2) for all g1, g2 ∈ G. But the
right hand side of this equality is Op(ag1 ⋆ ag2 , ϕg1ϕg2) This means that g  Op(ag, ϕg)
is a representation if and only if:
Op(ag1g2 − dag1,g2 , ϕg1g2) = 0
which is equivalent to say that a ∈ P1ϕ is a Maurer–Cartan element of (P
•
ϕ, d, ⋆). Finally
let us check now that two gauge equivalent Maurer–Cartan elements induce equivalent
representations. First, we note that in P•ϕ, all elements of degree zero are cocycles. This
means that a, b ∈ MC(P•ϕ) are gauge equivalent if there is an invertible u ∈ P
0
ϕ such
that au = ua. Since u is of degree zero, neither u nor Op(u) depend on group variables.
The formula au = ua implies that the corresponding operators satisfy
Op(ag, ϕg) ◦Op(u) = Op(u) ◦Op(ag, ϕg), g ∈ G
That is, Op(u) intertwines the two representations; since Op(u) is invertible, because u
is invertible, the representations g  Op(ag, ϕg) and g  Op(bg, ϕg) are equivalent. 
Because of the importance of the Maurer–Cartan elements of the complex of G–
amplitudes, we will give to them the following name:
Definition 11 (G–system). A G–system of the complex of formal amplitudes (P•ϕ, d, ⋆)
is an element of MC(P•ϕ).
Proposition 12. Let a = P 0(x) + ~P 1 + · · · ∈ P1ϕ be a G–system in P
•
ϕ.
(1) Then P 0 is a Maurer–Cartan element in P•ϕ.
(2) It defines a new differential on P•ϕ as follows:
(3.3) dP 0a = da+ [P
0, a] = da+ P 0 ⋆ a− (−1)|a|a ⋆ P 0.
(3) Moreover, P 1 is a cocycle with respect to this new differential, and we get the
following recursive equations for the higher order terms
(3.4) dP 0P
n = −
∑
i+j=n
i,j≥1
P i ⋆ P j .
G–SYSTEMS AND DEFORMATION OF G–ACTIONS ON Rd 6
Proof. The Maurer–Cartan equation at order zero in ~ reads:
dP 0 + P 0 ⋆ P 0 = 0,
which means that P 0 is itself a Maurer–Cartan element. Now it is a general fact that a
differential d twisted by a Maurer–Cartan element as in (3.3) is again a differential.
The Maurer–Cartan equation at order 1 in ~ reads
dP 1 + P 0 ⋆ P 1 + P 1 ⋆ P 0 = 0,
which is exactly dP 0P
1 = 0 because P 1 is of degree 1 (it has only one group variable).
At last, we obtain (3.4) by looking at the Maurer–Cartan equation at order n ≥ 2. 
We conclude now this Section going back to the Example 3:
Example 13. A ξ–independent G–system in (P•ϕ, d, ⋆) satisfies the condition
ag1g2(x) = ag1(x)ag2
(
ϕ
g−1
1
(x)
)
for all g1, g2 ∈ G and x ∈ R
d. We observe that this is
the multiplicative analogue of being a 1–cocycle of G with values on C∞(Rd) (G acts on
C∞(Rd) by pullback). It is probably worthwhile to observe that it is possible to linearize
the condition in (2) as follows. Let us consider ξ–independent element a ∈ P1ϕ of the
form g  ag(x) = e
iSg(x) where S(x) is smooth function. It is a simple computation to
show that a is a G–system if and only if
Sg1g2(x) = Sg1 + Sg2(ϕg−1
1
(x))
for all g1, g2 ∈ G and x ∈ R
d. In other words, g  eiSg(x) is a G–system if and only
if S(x) is a 1–cocycle of G with values in C∞(Rd) (still the G–action on C∞(Rd) is by
pullback). Let us show now that if S − S˜ = δK, where S and S˜ are 1–cocycle and
K is a 0–cochain of G with values in C∞(Rd), then the induced representations (of G)
g  Op(eiSg(x), ϕg) and g  Op(e
iS˜g(x), ϕg) are equivalent. Consider the multipliction
operator operator K̂ψ(x) = eiK(x)ψ(x). Then:
(Op(eiSg(x), ϕg) ◦ K̂)ψ(x) = e
i(Sg(x)+K(ϕ
−1
g (x)))ψ(ϕ−1g (x)),
(K̂ ◦Op(eiS˜g(x), ϕg))ψ(x) = e
i(S˜g(x)+K(x))ψ(ϕ−1g (x)).
Therefore, the relation S˜g(x) − Sg(x) = K(ϕ
−1
g (x)) − K(x) = (δK)g(x) implies that
Op(eiSg(x), ϕg)◦Kˆ = K̂◦Op(e
iS˜g(x), ϕg). From this we can conclude thatH
1(G,C∞(Rd))
controls the deformations of the G–action ϕ of the form g  Op(eiSg(x), ϕg). In par-
ticular, if this cohomology group vanishes, all such deformations are equivalent to the
trivial one.
4. Existence and rigidity Theorem
In this Section, we give cohomological conditions for the existence of formal G–
systems, that is, Maurer–Cartan elements in Pϕ. The discussion that follows is based on
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appendix A of [1]. The main fact is that P•ϕ is a complete DGA in the sense of [1]; com-
plete DGA have neat cohomological conditions governing the existence and obstruction
of Maurer–Cartan elements.
Definition 14. We define Pold(n) for n ≥ 0 to be the space of polynomials in ξ of the
form
P (x, ξ) =
∑
|α|≤n
fα(x)ξ
α,
where fα ∈ C
∞(Rd).
First of all, P•ϕ has a natural filtration
· · · ⊂ F k+1P•ϕ ⊂ F
kP•ϕ ⊂ · · · ⊂ F
1P•ϕ ⊂ F
0P•ϕ = P
•
ϕ,
for which each of the (F kP•ϕ, d) is a subcomplex and such that
⋆ : F kP•ϕ × F
lP•ϕ → F
k+lP•ϕ
This filtration is given by
F kP•ϕ =
{∑
n≥k
hnPn : Pn ∈ Pold(n)
}
, k ≥ 1.
We have then a tower
P•ϕ/F
1P•ϕ ← P
•
ϕ/F
1P•ϕ ← · · · ,
whose inverse limit is exactly P•ϕ. This makes P
•
ϕ a complete DGA in the sense of the
Appendix A of [1].
Definition 15. Define the graded vector space Pol•d(n) to be
Pol
k
d(n) :=
{
P : Gk → Pold(n)
}
, n, k ≥ 0.
Observe that, as graded vector space, we have that
(4.1) FnP•ϕ/F
n+1P•ϕ ≃ Pol
•
d(n)
and the following decomposition of the complex of formal G–amplitudes:
P•ϕ = Pol
•
d(0) ⊕ ~Pol
•
d(1)⊕ ~
2
Pol
•
d(2) ⊕ · · ·
Let P 0 ∈ Pol•d(0) be a Maurer–Cartan element. Then the twisted differential dP 0 defined
by formula (3.3), respects this decomposition and (Pol•d(n), dP0) is a complex for each
n ≥ 0. These complexes will be the main ingredients in our existence and rigidity results
for formal G–systems.
From Proposition 12, we get that if
(4.2) P 0 + hP 1 + h2P 2 + · · ·
is a Maurer–Cartan element, then P 0 is a Maurer–Cartan element in P•ϕ and P
1 is a
1–cocyle in (Pol•d(1), dP 0). Now if we start with a Maurer–Cartan element P
0 and and
a 1–cocyle P 1, in general P 0+ hP 1 is not a Maurer–Cartan element in P•ϕ, and we may
wonder whether it is possible to find higher terms to get a Maurer–Cartan element.
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Another question is whether the representation obtained from (4.2) is equivalent to
the one obtained by the first term only, i.e. when a Maurer-Cartan element is gauge
equivalent to its first term.
Definition 16. A Maurer–Cartan element P 0 in P•ϕ is called rigid if all Maurer–Cartan
elements having as first term P 0 are gauge equivalent to this first term.
In term of the induced representations, P 0 being rigid means that all the repre-
sentations obtained from Maurer–Cartan elements of the form (4.2) are equivalent as
representations to the representation
Op(P 0, ϕg)ψ(x) = P
0(x)ψ(ϕ−1g (x)).
The following theorem gives cohomological conditions answering the questions men-
tioned above.
Theorem 17. Let P 0 ∈ Pol•d(0) be a Maurer–Cartan element and P
1 ∈ Pol1d(1) a
1–cocycle (i.e dP 0P
1 = 0). If
H2(Pol•d(n), dP 0) = 0, n ≥ 2,
then there exists a Maurer–Cartan element ω in P•ϕ such that
ω = P 0 + ~P 1 +O(~2).
Moreover if
H1(Pol•d(n), dP 0) = 0, n ≥ 1,
the Maurer–Cartan element P 0 is rigid.
Proof. The proof relies on Proposition A.3 and A.6 of the Appendix A of [1]. Since
γ = P 0 + ~P 1 is a Maurer–Cartan element modulo F2P•ϕ, Proposition A.3 tells us that
there exist a Maurer–Cartan element ω = P 0 + ~P 1 +O(~2) provided
H2(FnP•ϕ/F
n+1P•ϕ, dγ) = 0, n ≥ 2,
where dγ is the operator dγa = da+ [γ, a], which becomes a differential on the quotient
FnP•ϕ/F
n+1P•ϕ. The first part of the theorem follows from (4.1) and the fact that dγ
becomes dP 0 when passing to the quotient (because P
1 has one power of ~, which will
make this term disappear in the quotient). The rigidity part of the theorem is a direct
application of Proposition A.6 with the same observations as above. 
4.1. Trivial action. We will consider now the case ϕg = id for all g ∈ G (i.e. the group
G acts trivially on Rd) and we further suppose that the first term of the deformation is
also trivial, i.e. we consider G-systems of the form
ag = 1 + ~P
1
g + ~
2P 2g + · · ·
Under these assumptions the representations of G given by g  Op(ag, ϕg) are defor-
mations of the trivial representation of G on C∞(Rd)[[~]] and they are of the form
(4.3) Op(ag, ϕg)ψ(x) = id+
∑
n≥1
~
nPng (x,D) ,
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where Png (x,D) is a differential operator of order n with non–constant bounded coeffi-
cients.
Let us endow C∞(Rd) with a trivial G–bimodule structure and let H•(G,C∞(Rd)) be
the corresponding cohomology. Then:
Theorem 18. IfH2(G,C∞(Rd)) = 0 then there exists representation of G into C∞(Rd)[[~]]
of the form (4.3). Moreover, if H1(G,C∞(Rd)) = 0, all these representations are equiv-
alent.
Proof. As a graded vector space Pol•d(n) can be identified with the following direct sum
with n-terms
C•(G,C∞(Rd))⊕ · · · ⊕ C•(G,C∞(Rd)),
since, for a cochain P =
∑
|α|≤n fα(x)ξ
α, we have that fα ∈ C
•(G,C∞(Rd)) for all
multi–indices α. Using Theorem 17, we only need to show that, in the case the action
is trivial, d1 respects this splitting. Let us compute the differential of P ∈ Pol
k
d(n):
(d1P )g1,...,gk+1 = (dP )g1,...,gk+1 + 1g1 ⋆ Pg2,...,gk+1 − (−1)
kPg1,...,gk ⋆ 1gk+1 ,
= Pg2,...,gk+1 +
∑
i=1
(−1)iPg1,...,gigi+1,...,gk+1 + (−1)
k+1Pg1,...,gk ,
since the product ⋆ is now the standard product (associated with the standard quanti-
zation) because the action is trivial. Since only the fα’s depend on the group variables,
we obtain that
d1P =
∑
|α|≤n
(δ˜fα)ξ
α,
where δ˜ is the differential of the group cohomology of G in C∞(Rd) considered as a
trivial bimodule. 
Remark 19. This Theorem should be seen as a simplified version of Theorem 17 where
existence and rigidity for general deformations of G–actions were discussed. Moreover,
it should be compared with the analogue result of Pinzcon in [7].
5. Conclusions
This short note is a first of a series of papers whose main goal is the study of a family
of deformations of G–actions obtained using a particular class of FIOs. The main tool
used to define such a family of deformations is a DGA of formal amplitudes and its
corresponding set of G–systems, see Definition 11. There are two main reasons to be
interested in this family of deformations. The first can be found in the work of the
first author, see [3], [4] and [5], where a new approach to quantization of Lagrangian
submanifolds is proposed. The theory started in this note should represent the algebraic
counterpart of the micro–symplectic approach to quantization developed in the cited
papers.
Another motivation (not disjoint from the previous one) comes from the theory of the
quantum momentum maps, see for example the paper [11]. As it is shown in [2] by
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the authors of this letter, the G–systems can be used to get an explicit formula of the
momentum map at the quantum level. In particular it is in this context that the main
results of this paper about existence and uniqueness of formal deformations of aG–action
find a different but quite natural interpretation (i.e. the existence of the corresponding
quantum momentum map).
We conclude mentioning, without entering in the details which will be the main con-
cern of future investigations, that to every (smooth) G–action ϕ it is also possible to
associate a complex of bounded amplitudes A•ϕ. These amplitudes should be compared
to the formal ones which were the main objects of this work. The construction of this
new complex is formally the same as the one presented above, with the only difference
that the bounded cochains will take now values in the the space S2d(1), see [6] for the def-
inition of this class of symbols. This choice opens the interesting possibility of describing
deformations of the unitary G–actions. In fact we observe that pseudo–differential oper-
ators with symbols in S2d(1) extend, thanks to the Calderon-Vaillancourt theorem, see
for example [6] (from continuous operator on S (Rd)) to unitary operators to L2(Rd).
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